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Fuzzy Relational Concept Analyis

©® Fuzzy RCA method:
Relational Concept Analysis + Fuzzy Logic.

® Fuzzy RCA tool




Fuzzy RCA as an extension of FCA

Fuzzy RCA




FCA and Fuzzy FCA Input

RCA Input

Formal context (Objects, Attributes, I)
I is a crisp relation between objects and attributes

1 Problem — Solving ~ Communication  Calculations
Alice 1 1 0
Bob 1 1 0
Carol 0 0 1

Fuzzy FCA Input

Fuzzy Formal context (Objects, Attributes, )
| is a fuzzy relation between objects and attributes

I Problem — Solving ~ Communication  Calculations
Alice 0.5 0.4 1
Bob 0.2 0.5 0.6
Carol 0.8 0.5 0.4




RCA Input

RCA Input: Relational context family
® Formal Contexts;

® Relations between objects.

I Problem — Solving ~ Communication  Calculations
Alice 1 1 0
Bob 1 1 0
Carol 0 0 1
J Time management Creativity  Critical thinking  Collaboration
Daniel 0 1 0 1
Emily 0 0 1 1
Francis 0 1 0 1
r Daniel  Emily  Francis
Alice 1 0 1
Bob 1 0 1
Carol 1 0 0

Braud, A., Dolques, X., Huchard, M., & Le Ber, F. (2018). Generalization
effect of quantifiers in a classification based on relational concept analysis.

Knowledge-based systems, 160, 119-135.




Fuzzy RCA Input

Fuzzy RCA Input
Fuzzy Relational context family:
® Fuzzy Formal Contexts;

® Fuzzy Relations between objects.

I Problem — Solving ~ Communication  Calculations
Alice 0.5 0.4 1
Bob 0.2 0.5 0.6
Carol 0.8 0.5 0.4

J Time management Creativity  Critical thinking  Collaboration
Daniel 0 1 0.5 0
Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9

r Daniel  Emily  Francis
Alice 0.5 0 1
Bob 0.8 0.3 0.7
Carol 0.6 0.2 0




Fuzzy Sets

® Fuzzy sets are sets whose elements have degrees of
membership
(Zadeh, Lotfi A. “Fuzzy sets.” Information and control

8.3 (1965): 338-353.)
® A fuzzy set A of X is a function A: X — [0, 1], where

A(x) is the degree to which x belongs to set A.

Example:
e X = {140,150,160,170,180} — height of people;
e A: X —[0,1] — tall people;
® A(160) =0.5 —

“A person measuring 160 cm is tall with the truth
degree 0.5”




An approach to generalize concepts with fuzzy logic

® Belohlavek Radim. Fuzzy relational systems: foundations
and principles. Vol. 20. Springer Science & Business Media,

2012

® Silke Pollandt, Fuzzy-Begriffe: Formale Begriffsanalyse
unscharfer Daten, Springer-Verlag, 2013




Structures of truth degrees in fuzzy logic

Complete residuated lattices : ([0,1], A,V,®,—,0,1)
the operations
® combine fuzzy sets;

® generalize the standard operations between classical sets (N,
U, Q).

Standard tukasiewicz MV-algebra
Let a,b € [0,1],

(i)
(ii)
(i) a® b= max{0,a+ b — 1} (strong conjunction),
(iv)

aA b= min{a, b} (weak conjunction),

i) aV b= max{a, b} (weak disjunction),

a— b=min{l,1 — a+ b} (implication),




Operator 1 to form fuzzy concepts

-

Let (X, Y, ) be fuzzy context,

A (fuzzy set of objects) = A" (fuzzy set of attributes)

Let y be an attribute,

AT(y) = N\ (AK) = 1(x,¥))

xeX

L

What is the meaning of AT(y)?

In fuzzy logic,
* Aiex: “all elements of X

® A(x) — I(x,y): "if x belongs to A then y is shared by x".

AT(y) is the truth degree of “y is shared by all objects of A”




Operator | to form fuzzy concepts

Let (X, Y, ) be fuzzy context,
B (fuzzy set of attributes) = B* (fuzzy set of objects)

Let x be an object,

B*(x) = /\ (B(y) = I(x,y))

yey

What is the meaning of B*(x)?

In fuzzy logic,
o /\er: “all elements of Y"

® B(y) — I(x,y): “if y belongs to B then x satisfies y".

B*(x) is the truth degree of “x satisfies all attributes of B”




Fuzzy concepts with T and |

(A, B) is a fuzzy concept of (X,Y,/)
if and only if
A=B' and B=A"

Fuzzy concept of the fuzzy context (X, Y, /):
(A, B) where

® A s a fuzzy set of objects;
® B is a fuzzy set of attributes;
® let x € X, A(x) is the truth degree to which
“x has all attributes of B”
® let y €Y, B(y) is the truth degree to which

“y is shared by all objects of A”




Fuzzy Scaling Quantifiers

® Boffa Stefania, Petra Murinovd, and Vilém Novak. “A proposal
to extend relational concept analysis with fuzzy scaling
quantifiers.” Knowledge-Based Systems 231 (2021): 107452.

® Boffa Stefania. “Extracting concepts from fuzzy relational
context families." |EEE Transactions on Fuzzy Systems 31.4
(2022): 1202-1213.

Fuzzy scaling quantifiers are interpretations of special formulas called
intermediate quantifiers of the formal theory T of intermediate

generalized quantifiers.

Novdk, V. (2008). A formal theory of intermediate quanti-

fiers. Fuzzy Sets and Systems




Cut of a fuzzy set

Let A be a fuzzy set of X = {x1,x2, x3, x4 }

A | Cut of A
A(Xl) =
A(X2) =
A(xs) = 0.7 0
A(xa) =0.2 0

A cut of A is a way to consider a “part” of A

Y

Cut of Aw.r.t. Z

B A(x) if A(x) = Z(x)
(A12)() = {O otherwise
X X1 X2 X3 X4
A(x) 0.7 | 0.2
Z(x) 0.3 ] 0.5
(AlZ)(x) 0] 0

Al




Size and Measure of a fuzzy set

Size of a fuzzy set A of X

Al =D A(x)

xeX

Measure of A|Z size w.r.t. A size
AlZ
na(Az) = 2521
Al
Example

0.8+ 0.5|
[0.8+0.5+0.7+0.2

na(A1Z) =

1a(A|Z) expresses how large the size of A|Z is w.r.t. the size of A




Evaluative linguistic expressions

Evaluative linguistic expressions are expressions of natural lan-
guage like not small, very big, roughly medium, and so on.

We confine to expressions having the form

(hedge)(big),

where hedge is an adverbial modification like very and extremely.

Novak, V. (2008). A comprehensive theory of trichotomous evalu-
ative linguistic expressions. Fuzzy sets and systems, 159(22), 2939-
2969.




Models for Evaluative linguistic expressions

Evaluative Linguistic Expressions are modelled by functions from [0,1] to
[0.1]

Extremely Big

Very Big

05 05

\

Bi, is the function representing an expression like (hedge){big)

In the formula of fuzzy scaling quantifiers, evaluative linguistic expres-
sions are used to evaluate how much the cuts of a fuzzy set A are
large.

Bivery(11a(A]|Z)) = 0.5 is the truth degree to which

“the size of A|Z (w.r.t. the size of A) is Very Big"




Fuzzy scaling quantifiers

A fuzzy scaling quantifier is a function Sg;, assigning to the fuzzy sets A and
B of X the value

Sei, (A B) = \/ <</\(AZ)(X) - B(X)) ® \/(AIZ)(X)> ABiy (1a(A|Z2))

cuts of A xeX xeX




Fuzzy scaling quantifiers

A fuzzy scaling quantifier is a function Sg;, assigning to the fuzzy sets A and
B of X the value

cuts of A xeX xeX

Sgi, (A B) = \/ <</\(AZ)(X) - B(X)) ® \/(AIZ)(X)> ABiv (1a(AlZ))

“all elements of A|Z belong to B”




Fuzzy scaling quantifiers

A fuzzy scaling quantifier is a function Sg;, assigning to the fuzzy sets A and
B of X the value

Sgi, (A B) = \/ <</\(AZ)(X) - B(X)) ® \/(AZ)(X)> ABiv (1a(AlZ))

cuts of A xeX xeX

“there exists at least one element in A|Z” (existential import)




Fuzzy scaling quantifiers

A fuzzy scaling quantifier is a function Sg;, assigning to the fuzzy sets A and
B of X the value

cuts of A xeX xeX

Sgi, (A B) = \/ <</\(AZ)(X) - B(X)) ® \/(AIZ)(X)> ABi (1a(A|Z2))

“the size of A|Z is (hedge) big w.r.t. the size of A”




Fuzzy scaling quantifiers

A fuzzy scaling quantifier is a function Sg;, assigning to the fuzzy sets A and
B of X the value

Sei, (A B) = \/ N\ (AZ)(x) = B(x) | ® \/ (AIZ)(x) | ABiv(114(A|Z))

cuts of A xeX xeX

Sgi, (A, B) is the degree to which there exists a cut A|Z of A such that
® “all elements of A|Z belong to B”,
® ‘“there exists at least one element in A|Z”, and

® ‘“the size of A|Z is (hedge) big w.r.t. the size of A”.




Universal percent scaling quantifiers

Braud, A., Dolques, X., Huchard, M., & Le Ber, F. (2018). Generalization
effect of quantifiers in a classification based on relational concept analysis.
Knowledge-based systems, 160, 119-135.

Universal percent scaling quantifier:
let n € [0,100], at least the n percent of elements of A is in B

1 if|ANB|> —|Aland A% 0
On(A,B) = 100

0 otherwise




T-scaling quantifiers

Let t € [0,1], a t-scaling quantifier is defined by

S(AB) = \/ ((/\(mzxx)%(x))@V(A|Z)(x>>AAf<uA<A|z»

\ J

( )

Operator A,

Let t € [0,1], the operator A, : [0,1] — [0, 1] is defined by

1 ifa>t
Ai(a) = ha= ] for each a € [0, 1]
0 otherwise

St(A, B) is the degree to which there exists a cut A|Z of A such that
® “all elements of A|Z belong to B”,
® ‘“there exists at least one element in A|Z", and

® “the size of A|Z is at least as large as t (in the scale [0, 1])
w.r.t. the size of A”




Connection between quantifiers

Theorem
Let n € [0,100] and let A, B C X,

9n(A, B) = S:(A, B)

here t n
w I = —.
100




Extraction of concepts in FRCA

The concept extraction is realized in two steps:

Step 1: The fuzzy relational context family is
transformed into a family of fuzzy contexts
using fuzzy scaling quantifiers;

Step 2: The fuzzy concepts are extracted from such
contexts using one of the existing techniques.




Step 1

Fuzzy relational context family

/ Problem — Solving ~ Communication  Calculations
Alice 0.5 0.4 1
Bob 0.2 0.5 0.6
Carol 0.8 0.5 0.4
J Time management Creativity  Critical thinking  Collaboration
Daniel 0 1 0.5 0
Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9
r Daniel ~ Emily  Francis
Alice 0.5 0 1
Bob 0.8 0.3 0.7
Carol 0.6 0.2 0

Y

Concepts are extracted from (J, Z, W):

G = (A1, B), G = (A2, By), G = (A3, Bs), and G = (A4, Ba).
A new fuzzy relation is considered:

" lyq Yo Yo Yo
x1
X2
X3

x; has yc, with degree I"(xi, yc,) = Si(r(xi), Aj).

A




Fuzzy relational context family

I Problem — Solving ~ Communication  Calculations
Alice 0.5 0.4 1
Bob 0.2 0.5 0.6
Carol 0.8 0.5 0.4
J Time management Creativity  Critical thinking  Collaboration
Daniel 0 1 0.5 0
Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9
r Daniel ~ Emily  Francis
Alice 0.5 0 1
Bob 0.8 0.3 0.7
Carol 0.6 0.2 0

Let t = 0.5 and C = (A, {creativity}),
I*(Alice, yc) = So.s(r(Alice), A) is the degree to which

A part (as large as 0.5 in the scale [0,1]) of all students similar to
Alice are creative.




Final fuzzy concepts

The fuzzy concepts are extracted from [/ U /" and J

IUl* | ProblemSolving  Communication Calculations |yc, Yo, Yo Yo
Alice 0.5 0.4 1 arl ai2 ai3 ala
Bob 0.2 0.5 0.6 a21 ano ans ang
Carol 0.8 0.5 0.4 as]  asx a3z axu
J Time management Creativity  Critical thinking  Collaboration

Daniel 0 1 0.5 0

Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9




Relational Formal Concept Analysis

based on crisp relations

We obtain the same collection of concepts as in RCA considering Q,, when

® | J and r are crisp relations

'y y Jlwm wm w rlzi z oz
X1 0 1 z1 1 1 0 X1 0 0 1
X2 1 0 o) 0 1 1 X2 1 1 0
X3 1 1 z3 0 1 0 X3 0 1 0

® Relational attributes are determined by S, where t = 100"

Braud, A., Dolques, X., Huchard, M., & Le Ber, F. (2018). Generalization
effect of quantifiers in a classification based on relational concept analysis.
Knowledge-based systems, 160, 119-135.




Selection of the best quantifier

The most appropriate quantifier should be selected into the infinite
class of fuzzy scaling quantifiers.

@ Let R be a relation holding between the fuzzy scaling
quantifiers S and §*, we analyzed the connection
between the fuzzy concepts generated by S and S*.

Stefania Boffa and Petra Murinova. “Logical Relations Between
T-Scaling Quantifiers and Their Implications in Fuzzy Relational
Concept Analysis.” Conference of the European Society for Fuzzy
Logic and Technology. Cham: Springer Nature Switzerland, 2023.

@ Let Sp;, be a fuzzy scaling quantifier, we answer to the
question: there exists a t-scaling quantifier generating
the same concepts of Sg;,? If yes, we found
[a, b] € [0,1] such that Cs, = Cs, for each t € [0, 1].

Stefania Boffa and Brunella Gerla. “An Analysis of FRCA
Quantifiers.” Conference of the European Society for Fuzzy Logic
and Technology. Cham: Springer Nature Switzerland, 2023.




Algorithms for fuzzy scaling quantifiers

® Algorithms to compute the value assumed by fuzzy
scaling and t-scaling quantifiers on two fuzzy sets A
and B by selecting a finite number of cuts of A.

Boffa Stefania. “Extracting concepts from fuzzy relational context
families.” |IEEE Transactions on Fuzzy Systems 31.4 (2022): 1202-1213.




A software for quantifiers in Fuzzy RCA

stefaniaboffa.com

Fuzzy RCA softwdare: This software was developed by Giocoma Beia for his master's
thesis undar the supervision of Professar Brunella Gerla and me.

Explanctian of tha softwara: sas the pdffile 'BEIA_TESI_MAGISTRALE pdf' where the
methad and the software are explained

Path to usa tho softwore: RCACale -=oul-zartifacts->RCAcalc_jar->RCAcalc




Future directions

® Continue to explore the relationship between concepts
generated by different quantifiers;

® Use our method to solve concrete problems.




Thanks for the attention!



