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Introduction to Formal Concept Analysis (FCA)

Main information about FCA

• FCA was introduced by Rudolf Will in 1980 to
formalize the philosophical meaning of concept;

• it has its roots in Lattice Theory;

• it is a method to analyze and classify data;

• it finds applications in many research domains;
some examples: machine learning, semantic web,
chemistry, biology, and so on;

• it mines special clusters (concepts) from special
datasets (contexts).



FCA Input: Formal Context

A Formal Context is a triple (X ,Y , I ), where

X : objects - Y : attributes - I : Relation between X and Y .

If (x , y) ∈ I , then we say that x has the attribute y .

X : {Alice,Bob,Carol};
Y : {problem − solving , oral communication, calculations}
I (Alice, problem−solving) = 1 iff Alice is good at problem-solving.

Formal Context as a table

I Problem-Solving Communication Calculations

Alice 1 1 0

Bob 1 1 0

Carol 0 0 1



FCA output: Formal Concepts

The formal concept is the central notion in FCA;

What is a formal concept?
A concept is made of an extent and an intent

• Extent: all objects belonging to the concept;

• Intent: all attributes common to all those objects.

Example:

• Extent: collection of all dogs (foxhound, poodle,...),

• Intent: {barks, has four limbs, has a tail , . . .}.



How to extract formal concepts from a formal context?

Let (X ,Y , I ) be a formal context, then

(A,B) is a formal concept if and only if

• A is the set of all objects of X having all attributes of B;

• B is the set of all attributes of Y shared by all objects of A.

I Problem-Solving Communication Calculations

Alice 1 1 0

Bob 1 1 0

Carol 0 0 1

Formal Concept: ({Alice,Bob}, {Problem − Solving ,Communication})

• Alice and Bob are all students who are good in both Problem-Solving
and Oral Communication;

• Problem-solving and Oral Communication are all skills shared by both
Alice and Bob.



Concept hierarchy

• Subconcept-superconcept relation on concepts

Example: the concept dog is more specific than the
concept animal

• Concept hierarchy (concept lattice) arises from a
formal context



Fuzzy Formal Concept Analysis (FFCA)

Fuzzy Formal Concept Analysis = FCA + fuzzy logic

Fuzzy Formal Context

• An object satisfies an attribute with a degree of a
graded scale, which is usually [0, 1];

• Fuzzy Formal Context = (X ,Y , I ), where I is a fuzzy
relation (i.e. I : X × Y → [0, 1]).

• Example:

I Problem − Solving Communication Calculations

Alice 0.5 0.4 0.1

Bob 0.2 0.5 0.6

Carol 0.8 0.5 0.4



Approach to define fuzzy concepts

Fuzzy concepts have been defined in more ways

• Belohlavek, R. (2012). Fuzzy relational systems: foundations and
principles (Vol. 20). Springer Science & Business Media.

• Pollandt, Silke. Fuzzy-Begriffe: Formale Begriffsanalyse
unscharfer Daten. Springer-verlag, 2013.



 Lukasiewicz MV-algebra

Structure of truth degrees: Complete residuated lattices

The standard  Lukasiewicz MV-algebra is an algebraic structure

⟨[0, 1],∧,∨,⊗,→, 0, 1⟩,

where

(i) a ∧ b = min{a, b} (weak conjunction),

(ii) a ∨ b = max{a, b} (weak disjunction),

(iii) a⊗ b = max{0, a+ b − 1} (strong conjunction),

(iv) a → b = min{1, 1− a+ b} (implication),

for each a, b ∈ [0, 1].



Fuzzy concept-forming operators ↑ and ↓

(A,B) is a fuzzy concept of (X ,Y , I ) if and only if

A↑ = B and B↓ = A

Let y ∈ Y ,

A↑(y) =
∧
x∈X

(A(x) → I (x , y))

B(y) = A↑(y) is the truth degree of

“y is shared by all objects of A”

Let x ∈ X ,
B↓(x) =

∧
y∈Y

(B(y) → I (x , y))

A(x) = B↓(x) is the truth degree of

“x has all attributes of B”



Fuzzy concept-forming operators ∪ and ∩

• Popescu Andrei. A general approach to fuzzy concepts.
Mathematical Logic Quarterly 50.3 (2004):265-280

• Rough Set Theory

(A,B) is a fuzzy concept of (X ,Y , I ) if and only if

A∩ = B and B∪ = A

Let x ∈ X and y ∈ Y ,

A∩(y) =
∨
x∈X

(A(x)⊗ I (x , y))

B(y) = A∩(y) is the truth degree of “y is shared by at least an objects
of A”

B∪(x) =
∧
y∈Y

(I (x , y) → B(y)).

A(x) = B∪(x) is the truth degree of “x has no attributes outside B”



New fuzzy concepts

• Boffa Stefania, Petra Murinová, and Vilém Novák. “Graded
polygons of opposition in fuzzy formal concept analysis.”
International Journal of Approximate Reasoning

• Motivations: provide additional information hidden in fuzzy
formal contexts

Fuzzy Formal Context
({student1, . . . , student20}, {skill1, . . . , skill20}, I )

If (A,B) is a fuzzy concept
then A is the set of all students having all skills of B.

Positive information
“all students having almost all skills of B”
“all students having the most skills of B”
“all students having many skills of B”

Negative information
“all students who have few skills of B”

“all students who do not have the most skills of B”
“all students who do not have many skills of B”



Quantifier-based operators (Preliminaries)

Quantifier-based operators are interpretations of special
formulas called intermediate quantifiers of the formal the-
ory TEv of intermediate generalized quantifiers.

Novák, V. (2008). A formal theory of intermediate quanti-

fiers. Fuzzy Sets and Systems, 159(10), 1229-1246.



Quantifier-based operators (Preliminaries)

Evaluative Linguistic Expressions
“extremely big”,“very big”, and “not small”

BiEx,BiVe,¬Sm : [0, 1] → [0, 1]

0

1

1

0.5

0.5
0.910.67 0.79

VeBi

0.970.75 0.86

ExBi

0.1 0.360.24

Sm ¬Sm

Figure: Shapes of the fuzzy sets BiEx,BiVe,¬Sm.

Novák, V. (2008). A comprehensive theory of trichotomous evalu-

ative linguistic expressions. Fuzzy sets and systems.



Quantifier-based operators (Preliminaries)

Cut of A w.r.t. Z

(A|Z)(a) =

{
A(a) if A(a) = Z(a)

0 otherwise

Example

a a1 a2 a3 a4
A(a) 0.8 0.5 0.7 0.2

Z(a) 0.8 0.5 0.3 0.7

(A|Z)(a) 0.8 0.5 0 0

Measure of A|Z size w.r.t. A size

µA(A|Z) =
|A|Z |
|A|

Example

µA(A|Z) =
|0.8 + 0.5|

|0.8 + 0.5 + 0.7 + 0.2|

µA(A|Z) expresses how large the

size of A|Z is w.r.t. the size of A

• BiEx(µA(A|Z)): the size of A|Z (w.r.t. A) is extremely big

• BiVe(µA(A|Z)): the size of A|Z (w.r.t. A) is very big

• ¬Sm(µA(A|Z)): the size of A|Z (w.r.t. A) is not small



Positive quantifier-based operators

Let (X ,Y , I ) be a fuzzy context and let Ev ∈ {BiEx,BiVe,¬Sm}.

Let A be a fuzzy set of X and let y ∈ Y ,

A↑
I ,Ev (y) =

∨
Z∈[0,1]X

((A|Z)↑I (y)∧Ev(µA(A|Z)))

A↑
I ,Ev (y) is the truth degree of

there exists a cut of A such that

• all its objects have y

• it is Ev w.r.t. A

Let B be a fuzzy set of Y and let x ∈ X ,

B↓
I ,Ev (x) =

∨
Z∈[0,1]Y

((B|Z)↓I (x)∧Ev(µB(B|Z)))

B↓
I ,Ev (x) is the degree of

there exists a cut of B such that

• all its attributes are shared by x

• it is Ev w.r.t. B



Positive quantifier-based operators
Verbal description

Truth degree Statement Expression

A↑
I ,BiEx(y) y is shared by almost all objects of A extremely big

B↓
I ,BiEx(x) x has almost all attributes of B extremely big

A↑
I ,BiVe(y) y is shared by most objects of A very big

B↓
I ,BiVe(x) x has most attributes of B very big

A↑
I ,¬Smv(y) y is shared by many objects of A not small

B↓
I ,¬Smv(x) x has many attributes of B not small



Negative quantifier-based operators

Let (X ,Y , I ) be a fuzzy context, and let Ev ∈ {BiEx,BiVe,¬Sm}.
Let A ∈ [0, 1]X ,B ∈ [0, 1]Y , x ∈ X , y ∈ Y , and ¬I (x , y) = 1− I (x , y).

A↑
¬I ,Ev (y) =

∨
Z∈[0,1]X

((A|Z)↑¬I (y)∧Ev(µA(A|Z)))

A↑
¬I ,Ev (y) is the truth degree of

there exists a cut of A such that

• all its objects do not have y

• it is Ev w.r.t. A

B↓
¬I ,Ev (y) =

∨
Z∈[0,1]Y

((B|Z)↓¬I (x)∧Ev(µB(B|Z)))

B↓
¬I ,Ev (x) is the degree of

there exists a cut of B such that

• all its attributes are not shared
by x

• it is Ev w.r.t. B



Negative quantifier-based operators
Verbal description

Truth degree Statement Expression

A↑
¬I ,BiEx(y) y is shared by few objects of A extremely big

B↓
¬I ,BiEx(x) x has few attributes of B extremely big

A↑
¬I ,BiVe(y) y is not shared by most objects of A very big

B↓
¬I ,BiVe(x) most attributes of B are not satisfied by x very big

A↑
¬I ,¬Sm(y) y is not shared by many objects of A not small

B↓
¬I ,¬Sm(x) many attributes of B are not satisfied by x not small



Extended fuzzy concepts
with quantifier-based operators

Fuzzy Formal context

I x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

y1 0.25 0.25 1 0.4 0.5 0.75 0 0.75 0.5 0.5

y2 0 0 0.5 0.75 0.8 0.6 0.6 0.5 0 1

Extended fuzzy concepts

Standard Fuzzy Concept

(A,B) = (A,A↑) = (A, {0.25/y1, 0.25/y2})

Extended positive concept with BiVe-attributes

(A, (A↑,A↑
I ,BiVe)) = (A, ({0.25/y1, 0.25/y2}, {0.5/y1, 0.25/y2}))



Graded structures of opposition with quantifier-based
operators:

• Boffa Stefania, Petra Murinová, and Vilém Novák. “Graded
polygons of opposition in fuzzy formal concept analysis.”
International Journal of Approximate Reasoning 132 (2021):
128-153.

• Boffa Stefania, Petra Murinová, Vilém Novák, and Peter
Ferbas. “Graded cubes of opposition in fuzzy formal concept
analysis.” International Journal of Approximate Reasoning
145 (2022): 187-209.

• Boffa Stefania, Petra Murinová, and Vilém Novák. “Graded
decagon of opposition with fuzzy quantifier-based
concept-forming operators.” Information Processing and
Management of Uncertainty in Knowledge-Based Systems:
18th International Conference, IPMU 2020, Lisbon, Portugal,
June 15–19, 2020, Proceedings, Part III 18. Springer
International Publishing, 2020.



Graded structures of opposition
as a graded extensions of Aristotle’s square

Aristotle’s square

I

A

O

E

A and E are contrary
I and O are sub-contrary
A and O are contradictory
E and I are contradictory
A and I are subalterns
E and O are subalterns



Interpretations of Aristotle square and its extensions

Aristotle’s square has been a source of inspiration for logicians and

philosophers for centuries

• Rough Set Theory
Ciucci Davide, Didier Dubois, and Henri Prade.
Oppositions in rough set theory.International
Conference on Rough Sets and Knowledge Technology.

• Imprecise probabilities
Pfeifer Niki, and Giuseppe Sanfilippo. Probabilistic

squares and hexagons of opposition under coherence.

International Journal of Approximate Reasoning.

• Three-Way Decisions
Abbruzzese et al. Detecting influential news in online

communities: An approach based on hexagons of

opposition generated by three-way decisions and

probabilistic rough sets.

• Formal Concept Analysis
Dubois, D., Prade, H., & Rico, A. Graded cubes of

opposition and possibility theory with fuzzy events.

International Journal of Approximate Reasoning.

I

A

O

E



Graded structures of opposition
Relations between predicates interpreted by fuzzy sets

Let PA and PB be predicates interpreted by the fuzzy sets A and
B of U. Then,

1 PA and PB are contrary iff A(u)⊗ B(u) = 0, ∀u ∈ U.

2 PA and PB are sub-contrary iff A(u)⊕B(u) = 1, ∀u ∈ U.

3 PA and PB are subalterns iff A(u) → B(u) = 1, ∀u ∈ U.

4 PA and PB are contradictory iff A(u) = ¬B(u), ∀u ∈ U.



Graded decagon of opposition

Predicates
PA1 , . . . ,PA5 , PN1 , . . . ,PN5

Fuzzy sets
A1, . . . ,A5,

N1, . . . ,N5 ∈ [0, 1]U

contrary
sub-contrary
contradictory
subaltern

Graded decagon

PA5

PA4

PN5

PN4

PN3PA3

PN2PA2

PA1 PN1



Graded square of opposition

PA5

PA4

PN5

PN4

PN3PA3

PN2PA2

PA1 PN1

PA5 PN5

PA1 PN1



Models of Graded Decagons of Opposition

Let (X ,Y , I ) be a fuzzy concept, and let H ∈ {I ,¬I}.

Standard concept-forming operator

A↑
H(y) =

∧
x∈X

(A(x) → H(x , y))

Quantifier-based operators

A↑
H,Ev (y) =

∨
Z∈[0,1]X

((A|Z )↑H(y) ∧ Ev(µA(A|Z )) )

with Ev ∈ {BiEx,BiVe,¬Sm}

Rough sets based concept-forming operator

A∩
H(y) =

∨
x∈X

(A(x)⊗ H(x , y))



Models of Graded Decagons of Opposition
starting from attributes

Theorem
Let (X ,Y , I ) be a fuzzy context, and let A ∈ [0, 1]X . Then, the
predicates represented by fuzzy sets

A↑
I ,A

↑
I ,BiEx,A

↑
I ,BiVe,A

↑
I ,¬Sm,A

∩
I ,A

↑
¬I ,A

↑
¬I ,BiEx,A

↑
¬I ,BiVi,A

↑
¬I ,¬Sm,A

∩
¬I

form a graded decagon of opposition as follows.

PA∩
I

P
A↑
¬Sm

PA∩
¬I

P
A↑
¬I¬Sm

P
A↑
¬I ,BiVe

P
A↑
I ,BiVe

P
A↑
¬I ,BiEx

P
A↑
I ,BiEx

P
A↑
I

P
A↑
¬I



Models of Graded Decagons of Opposition
starting from objects

Theorem
Let (X ,Y , I ) be a fuzzy context, and let B ∈ [0, 1]Y . Then, the
predicates represented by fuzzy sets

B↑
I ,B

↑
I ,BiEx,B

↑
I ,BiVe,B

↑
I ,¬Sm,B

∩
I ,B

↑
¬I ,B

↑
¬I ,BiEx,B

↑
¬I ,BiVi,B

↑
¬I ,¬Sm,B

∩
¬I

form a graded decagon of opposition as follows.

PB∩
I

P
B↑
¬Sm

PB∩
¬I

P
B↑
¬I¬Sm

P
B↑
¬I ,BiVe

P
B↑
I ,BiVe

P
B↑
¬I ,BiEx

P
B↑
I ,BiEx

P
B↑
I

P
B↑
¬I



Models of Graded Decagons of Opposition
Illustrative example

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

0.96

0.5

0.85

0.5

0.40.37

0.340.31

0.15 0.04

A∩
I (y)

A↑
¬Sm(y)

A∩
¬I (y)

A↑
¬I¬Sm(y)

A↑
¬I ,BiVe(y)A↑

I ,BiVe(y)

A↑
¬I ,BiEx(y)A↑

I ,BiEx(y)

A↑
I (y) A↑

¬I (y)

0.31⊗ 0.34 = 0, 0.96⊕ 0.85 = 1, 0.37 → 0.5 = 1, 0.15 = ¬0.85



Graded hexagons of opposition

Choosing the operators related to one expression in
{BiEx ,BiVe,¬Sm}.

PA∩
¬IPA∩

I

PA↑
¬I,¬Sm

PA↑
I,¬Sm

PA↑
I

PA↑
¬I

PA∩
¬IPA∩

I

PA↑
¬I,BiVe

PA↑
I,BiVe

PA↑
I

PA↑
¬I

PA∩
¬IPA∩

I

PA↑
¬I,BiVe

PA↑
I,BiVe

PA↑
I

PA↑
¬I



Graded octagons of opposition

Choosing the operators related to two expressions in
{BiEx ,BiVe,¬Sm}.

PA∩
I

PA∩
¬I

PA↑
¬I,BiVe

PA↑
I,BiVe

PA↑
¬I,BiEx

PA↑
I,BiEx

PA↑
I

PA↑
¬I

PA∩
I

PA∩
¬I

PA↑
¬I,¬Sm

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
I,BiEx

PA↑
I

PA↑
¬I

PA∩
I

PA∩
¬I

PA↑
¬I,¬Sm

PA↑
I,¬Sm

PA↑
¬I,BiVe

PA↑
I,BiVe

PA↑
I

PA↑
¬I



Graded cube of opposition

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

PA∩
I

P
A↑
I

PA∩
¬I

P
A↑
¬I

P(¬A)∩¬I

P
(¬A)↑¬I

P(¬A)∩I

P
(¬A)↑I



Graded cube of opposition

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

PA∩
I

P
A↑
I

PA∩
¬I

P
A↑
¬I

P(¬A)∩¬I

P
(¬A)↑¬I

P(¬A)∩I

P
(¬A)↑I



Graded cube of opposition

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

Relations of contrary, sub-contrary, contradictory, sub-
alternation

PA∩
I

P
A↑
I

PA∩
¬I

P
A↑
¬I

P(¬A)∩¬I

P
(¬A)↑¬I

P(¬A)∩I

P
(¬A)↑I



5-graded cube of opposition

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

PA∩
I

PA↑
I

PA↑
I,BiEx

PA↑
I,BiVe

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
¬I,BiVe

PA↑
¬I,¬Sm

P(¬A)↑¬I,BiEx

P(¬A)↑¬I,BiVe

P(¬A)↑¬I,¬Sm

PA∩
¬I

PA↑
¬I

P(¬A)∩¬I

P(¬A)↑¬I

P(¬A)∩I

P(¬A)↑I

P(¬A)↑I,BiEx

P(¬A)↑I,BiVe

P(¬A)↑I,¬Sm



Contradictory

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

PA∩
I

PA↑
I

PA↑
I,BiEx

PA↑
I,BiVe

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
¬I,BiVe

PA↑
¬I,¬Sm

P(¬A)↑¬I,BiEx

P(¬A)↑¬I,BiVe

P(¬A)↑¬I,¬Sm

PA∩
¬I

PA↑
¬I

P(¬A)∩¬I

P(¬A)↑¬I

P(¬A)∩I

P(¬A)↑I

P(¬A)↑I,BiEx

P(¬A)↑I,BiVe

P(¬A)↑I,¬Sm



Sub-contrary

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

PA∩
I

PA↑
I

PA↑
I,BiEx

PA↑
I,BiVe

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
¬I,BiVe

PA↑
¬I,¬Sm

P(¬A)↑¬I,BiEx

P(¬A)↑¬I,BiVe

P(¬A)↑¬I,¬Sm

PA∩
¬I

PA↑
¬I

P(¬A)∩¬I

P(¬A)↑¬I

P(¬A)∩I

P(¬A)↑I

P(¬A)↑I,BiEx

P(¬A)↑I,BiVe

P(¬A)↑I,¬Sm



Subalterns

Let (X ,Y , I ) be a fuzzy context. Let A ∈ [0, 1]X , and y ∈ Y .

PA∩
I

PA↑
I

PA↑
I,BiEx

PA↑
I,BiVe

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
¬I,BiVe

PA↑
¬I,¬Sm

P(¬A)↑¬I,BiEx

P(¬A)↑¬I,BiVe

P(¬A)↑¬I,¬Sm

PA∩
¬I

PA↑
¬I

P(¬A)∩¬I

P(¬A)↑¬I

P(¬A)∩I

P(¬A)↑I

P(¬A)↑I,BiEx

P(¬A)↑I,BiVe

P(¬A)↑I,¬Sm



Contrary

PA∩
I

PA↑
I

PA↑
I,BiEx

PA↑
I,BiVe

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
¬I,BiVe

PA↑
¬I,¬Sm

P(¬A)↑¬I,BiEx

P(¬A)↑¬I,BiVe

P(¬A)↑¬I,¬Sm

PA∩
¬I

PA↑
¬I

P(¬A)∩¬I

P(¬A)↑¬I

P(¬A)∩I

P(¬A)↑I

P(¬A)↑I,BiEx

P(¬A)↑I,BiVe

P(¬A)↑I,¬Sm

PA∩
I

PA↑
I

PA↑
I,BiEx

PA↑
I,BiVe

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
¬I,BiVe

PA↑
¬I,¬Sm

P(¬A)↑¬I,BiEx

P(¬A)↑¬I,BiVe

P(¬A)↑¬I,¬Sm

PA∩
¬I

PA↑
¬I

P(¬A)∩¬I

P(¬A)↑¬I

P(¬A)∩I

P(¬A)↑I

P(¬A)↑I,BiEx

P(¬A)↑I,BiVe

P(¬A)↑I,¬Sm

PA∩
I

PA↑
I

PA↑
I,BiEx

PA↑
I,BiVe

PA↑
I,¬Sm

PA↑
¬I,BiEx

PA↑
¬I,BiVe

PA↑
¬I,¬Sm

P(¬A)↑¬I,BiEx

P(¬A)↑¬I,BiVe

P(¬A)↑¬I,¬Sm

PA∩
¬I

PA↑
¬I

P(¬A)∩¬I

P(¬A)↑¬I

P(¬A)∩I

P(¬A)↑I

P(¬A)↑I,BiEx

P(¬A)↑I,BiVe

P(¬A)↑I,¬Sm

PA∩
I

PA↑
I

PA↑
I,BiEx
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Decagons of opposition
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Square and cube of opposition in Fuzzy FCA.

• Condition of normality:

“there exists x ∈ X such that A(x) = 1”.

Dubois, D., Prade, H., & Rico, A. Graded cubes of
opposition and possibility theory with fuzzy events.
International Journal of Approximate Reasoning

• Existential import (presupposition):

inserting the formula
∨

x∈X A(x).



Fuzzy Relational Concept Analysis

Fuzzy Relational Concept Analysis (Fuzzy RCA or FRCA)
to extract fuzzy concepts from multi-relational datasets
characterized by vagueness.

Boffa Stefania, Petra Murinová, and Vilém Novák. ”A pro-
posal to extend relational concept analysis with fuzzy
scaling quantifiers.” Knowledge-Based Systems



Fuzzy Relational Concept Analysis

Fuzzy Relational Concept Analysis (FRCA) is an extension of
Fuzzy Formal Concept Analysis

FFCA FRCA

Input Fuzzy context Fuzzy Relational Context Family

Fuzzy relational context family is a family of

• fuzzy contexts;

• fuzzy relations between objects of different types.



Fuzzy RCA Input

An example of Fuzzy Relational context family

Objects-Attributes

I Problem-Solving Communication Calculations
Alice 0.5 0.4 1
Bob 0.2 0.5 0.6
Carol 0.8 0.5 0.4

Objects-Attributes

J Time management Creativity Critical thinking Collaboration
Daniel 0 1 0.5 0
Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9

Objects-Objects
How much the students of X and Z are similar

concerning the results that they achieved in several tests

r Daniel Emily Francis
Alice 0.5 0 1
Bob 0.8 0.3 0.7
Carol 0.6 0.2 0



Fuzzy scaling quantifiers

Fuzzy scaling quantifiers are interpretations of special for-
mulas called intermediate quantifiers of the formal theory
TEv of intermediate generalized quantifiers.

Novák, V. (2008). A formal theory of intermediate quantifiers.

Fuzzy Sets and Systems, 159(10), 1229-1246.



Evaluative linguistic expressions

Evaluative expressions with the following simple form:

⟨ linguistic hedge ⟩ ⟨ big ⟩

where

• a linguistic hedge is an adverbial modification;
Examples: very, roughly, approximately, significantly.

Examples: Very Big, Extremely Big, Roughly Big

Biν : [0, 1] → [0, 1] is the function describing ⟨hedge⟩ ⟨big⟩



Fuzzy scaling quantifiers

SBiν (A,B) =
∨

Z∈[0,1]X

((∧
x∈X

(A|Z)(x) → B(x)

)
⊗
∨
x∈X

(A|Z)(x)

)
∧Biν(µA(A|Z))

SVeryBig (A,B) is the degree to which

there exists a cut A|Z of A such that

• “all elements of A|Z belong to B”,

• “there exists at least one element in A|Z”, and
• “the size of A|Z is Very Big w.r.t. the size of A”.



Extraction of concepts in FRCA

The concept extraction is realized in two steps:

Step 1: The fuzzy relational context family is
transformed into a family of fuzzy contexts
using fuzzy scaling quantifiers;

Step 2: The fuzzy concepts are extracted from such
contexts using one of the existing techniques.



Step 1

Fuzzy relational context family

I Problem − Solving Communication Calculations
Alice 0.5 0.4 1
Bob 0.2 0.5 0.6
Carol 0.8 0.5 0.4

J Time management Creativity Critical thinking Collaboration
Daniel 0 1 0.5 0
Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9

r Daniel Emily Francis
Alice 0.5 0 1
Bob 0.8 0.3 0.7
Carol 0.6 0.2 0

Concepts are extracted from (J,Z ,W ):
C1 = (A1,B1), C2 = (A2,B2), C3 = (A3,B3), and C4 = (A4,B4).
A new fuzzy relation is considered:

I∗ yC1
yC2

yC3
yC4

Alice
Bob
Carol

xi has yCj with degree I ∗(xi , yCj ) = S(r(xi ),Aj).



Objects-Attributes

I Problem-solving Communication Calculations
Alice 0.5 0.4 1
Bob 0.2 0.5 0.6
Carol 0.8 0.5 0.4

Objects-Attributes

J Time management Creativity Critical thinking Collaboration
Daniel 0 1 0.5 0
Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9

Objects-Objects
How much the students of X and Z are similar

concerning the results that they achieved in several tests

r Daniel Emily Francis
Alice 0.5 0 1
Bob 0.8 0.3 0.7
Carol 0.6 0.2 0

Let C = (A, {creativity}),
I ∗(Alice, yC ) = SBiVery (r(Alice),A) is the degree to which

A very big part of all students similar to Alice are creative.



Step 2 (Final fuzzy concepts)

The fuzzy concepts are extracted from I ∪ I ∗ and J

I∪I∗ ProblemSolving Communication Calculations yC1
yC2

yC3
yC4

Alice 0.5 0.4 1 a11 a12 a13 a14
Bob 0.2 0.5 0.6 a21 a22 a23 a24
Carol 0.8 0.5 0.4 a31 a32 a33 a34

J Time management Creativity Critical thinking Collaboration
Daniel 0 1 0.5 0
Emily 0.3 0 0.8 1
Francis 0 0.6 0.2 0.9



Universal percent scaling quantifiers

Braud, A., Dolques, X., Huchard, M., & Le Ber, F. (2018). Generalization
effect of quantifiers in a classification based on relational concept analysis.
Knowledge-based systems, 160, 119-135.

Universal percent scaling quantifier:
let n ∈ [0, 100], at least the n percent of elements of A is in B

Qn(A,B) =

{
1 if |A ∩ B| ≥

n

100
|A| and A ̸= ∅

0 otherwise

Theorem
Let n ∈ [0, 100] and let A,B ⊆ X ,

Qn(A,B) = St(A,B)

where t =
n

100
.



T-scaling quantifiers

Let t ∈ [0, 1], a t-scaling quantifier is defined by

St(A,B) =
∨

cuts of A

((∧
x∈X

(A|Z)(x) → B(x)

)
⊗
∨
x∈X

(A|Z)(x)

)
∧∆t(µA(A|Z))

Operator ∆t

Let t ∈ [0, 1], the operator ∆t : [0, 1] → [0, 1] is defined by

∆t(a) =

{
1 if a ≥ t

0 otherwise
for each a ∈ [0, 1]

St(A,B) is the degree to which there exists a cut A|Z of A such that

• “all elements of A|Z belong to B”,

• “there exists at least one element in A|Z”, and
• “the size of A|Z is at least as large as t (in the scale [0, 1])

w.r.t. the size of A”



Relational Formal Concept Analysis
based on crisp relations

We obtain the same collection of concepts as in RCA considering Qn, when

• I , J and r are crisp relations

I y1 y2
x1 0 1
x2 1 0
x3 1 1

J w1 w2 w3

z1 1 1 0
z2 0 1 1
z3 0 1 0

r z1 z2 z3
x1 0 0 1
x2 1 1 0
x3 0 1 0

• Relational attributes are determined by St , where t =
n

100
.

Braud, A., Dolques, X., Huchard, M., & Le Ber, F. (2018). Generalization
effect of quantifiers in a classification based on relational concept analysis.
Knowledge-based systems, 160, 119-135.



Selection of the best quantifier

The most appropriate quantifier should be selected into the infinite
class of fuzzy scaling quantifiers.

• Let R be a relation holding between the fuzzy scaling
quantifiers S and S∗, we analyzed the connection
between the fuzzy concepts generated by S and S∗.

Stefania Boffa and Petra Murinová. “Logical Relations Between
T-Scaling Quantifiers and Their Implications in Fuzzy Relational
Concept Analysis.” Conference of the European Society for Fuzzy
Logic and Technology. Cham: Springer Nature Switzerland, 2023.

• Let SBiν be a fuzzy scaling quantifier, we answer to the
question: there exists a t-scaling quantifier generating
the same concepts of SBiν ? If yes, we found
[a, b] ⊆ [0, 1] such that CSBiν

= CSt for each t ∈ [0, 1].

Stefania Boffa and Brunella Gerla. “An Analysis of FRCA
Quantifiers.” Conference of the European Society for Fuzzy Logic
and Technology. Cham: Springer Nature Switzerland, 2023.



Algorithms for fuzzy scaling quantifiers

• Algorithms to compute the value assumed by fuzzy
scaling and t-scaling quantifiers on two fuzzy sets A
and B by selecting a finite number of cuts of A.

Boffa Stefania. “Extracting concepts from fuzzy relational context

families.” IEEE Transactions on Fuzzy Systems 31.4 (2022): 1202-1213.



A software for quantifiers in Fuzzy RCA

stefaniaboffa.com



Future directions

• Finding the conditions under which quantifiers are
Galois connections;

• Using our methods to solve concrete problems
(FCAsmart project);

• Continuing to explore the relationship between
concepts generated from different quantifiers.



Thanks for the attention!


